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Cox Model

> Let's consider implementation of the Cox model in R and
Stata

» We'll work with cabinet duration data.

> First, let’s estimate a standard Cox model using Stata and
then R.
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Stata stcox:

cal Science

day: Cox Models

. stcox invest polar numst format postelec caretakr, efron nohr

failure _d: censor
analysis time _t: durat
Iteration 0 log likelihood = -1369.664
Iteration 1: log likelihood = -1307.6939
Iteration 2: log likelihood = -1287.7995
Iteration 3 log likelihood = -1287.7389
Iteration 4: log likelihood = -1287.7389
Refining estimates:
Iteration 0: log likelihood = -1287.7389
Cox regression -- Efron method for ties
No. of subjects = 314 Number of obs = 314
No. of failures = 271
Time at risk = 5789.5
LR chi2(6) = 163.85
Log likelihood =  -1287.7389 Prob > chi2 = 0.0000
_t Coef.  Std. Err. z P>|z| [95% Conf. Intervall
invest | .3871388  .1371298 2.82  0.005 .1183693 6559083
polar | .0233392  .0056193 4.15  0.000 .0123255 .0343528
numst | -.5826222  .1322266 -4.41  0.000 -.8417816  -.3234628
format | .130011 0438699 2.96  0.003 .0440275 2159945
postelec | -.8611202  .1406178 -6.12  0.000 -1.136726  -.5855144
caretakr | 1.710397  .2828184 6.05  0.000 1.156084 2.264711
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R coxph (in survreg package):

> cab.coxph<-coxph(Surv(durat,censor) “invest + polar + numst +
+ format + postelec + caretakr, data=cabinet)
>
> summary (cab.coxph)
Call:
coxph(formula = Surv(durat, censor) ~ invest + polar + numst +
format + postelec + caretakr, data = cabinet)

n= 314

coef exp(coef) se(coef) z P
invest 0.3871 1.473 0.13713 2.82 4.8e-03
polar 0.0233 1.024 0.00562 4.15 3.3e-05
numst -0.5826 0.558 0.13223 -4.41 1.1e-05
format 0.1300 1.139 0.04387 2.96 3.0e-03
postelec -0.8611 0.423 0.14062 -6.12 9.1e-10
caretakr 1.7104 5.531 0.28282 6.05 1.5e-09

exp(coef) exp(-coef) lower .95 upper .95

invest 1.473 0.679 1.126 1.927
polar 1.024 0.977 1.012 1.035
numst 0.558 1.791 0.431 0.724
format 1.139 0.878 1.045 1.241
postelec 0.423 2.366 0.321 0.557
caretakr 5.531 0.181 3.177 9.628

Rsquare= 0.407  (max possible= 1 )
Likelihood ratio test= 164 on 6 df, p=0
Wald test = 176 on 6 df, p=0
Score (logrank) test = 216 on 6 df, p=0
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Notes

» Basically, the same information.

> R output a bit more informative.
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Notes

» Basically, the same information.
> R output a bit more informative.
» The model is parameterized in hazard rates.

> Might be useful to compute hazard ratio for a covariate
profile:
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For the INVESTITURE covariate

Stata first:
. display exp(_b[invest])
1.4727609

R:

> ##Extracting a specific coefficient
>
> exp(coxcoef[1,1]) #Investiture
[1] 1.472761 (though R gives this to you in coxph)
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Proportional Hazards

» What about the post-election covariate?
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» What about the post-election covariate?
» The hazard ratio is .423.
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Proportional Hazards

» What about the post-election covariate?
» The hazard ratio is .423.

» This means that when a government is formed immediately
after the election, the risk is about .42 that of the case when
protracted negotiations are necessary to form the government:
the risk is lower.
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» What about the post-election covariate?
» The hazard ratio is .423.

» This means that when a government is formed immediately
after the election, the risk is about .42 that of the case when
protracted negotiations are necessary to form the government:
the risk is lower.

» Could take inverse: 1/(exp 3) = exp —f.
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» What about the post-election covariate?
» The hazard ratio is .423.
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» What about the post-election covariate?
» The hazard ratio is .423.

» This means that when a government is formed immediately
after the election, the risk is about .42 that of the case when
protracted negotiations are necessary to form the government:
the risk is lower.

» Could take inverse: 1/(exp 3) = exp —f.
» This returns: 2.36

» This gives us the risk for the case when postelec=0.
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Proportional Hazards

» What about the post-election covariate?
» The hazard ratio is .423.

» This means that when a government is formed immediately
after the election, the risk is about .42 that of the case when
protracted negotiations are necessary to form the government:
the risk is lower.

Could take inverse: 1/(exp 3) = exp —f.

This returns: 2.36

This gives us the risk for the case when postelec=0.

vV v v Y

When negotiations are required, the risk of failure is about 2.4
times greater than compared to the case when the
government is immediately formed after the election.
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Proportional Hazards

» What about the post-election covariate?
» The hazard ratio is .423.

» This means that when a government is formed immediately
after the election, the risk is about .42 that of the case when
protracted negotiations are necessary to form the government:
the risk is lower.

Could take inverse: 1/(exp 3) = exp —f.

This returns: 2.36

This gives us the risk for the case when postelec=0.

vV v v Y

When negotiations are required, the risk of failure is about 2.4
times greater than compared to the case when the
government is immediately formed after the election.

» Note R coxph automatically computes this.
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Proportional Hazards Property

» Recall PH property:

% = exp[5'(x; — x;)], (1)
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» Recall PH property:

% = exp[5'(x; — x;)], (1)
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Proportional Hazards Property

» Recall PH property:

% = exp[5'(x; — x;)], (1)

» Makes life easy if it holds.

> Let's see the property “in action.”
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Consider the Formation Attempts covariate:

Formation |
attempts | Freq. Percent Cum.
1 179 57.01 57.01
2| 63 20.06 77.07
31 36 11.46 88.54
4 | 14 4.46 92.99
5 | 12 3.82 96.82
6 | 5 1.59 98.41
71 1 0.32 98.73
8 | 4 1.27 100.00
Total | 314 100.00

Hazard Ratios (Here I’m using Stata gen command to create variable)
. gen format_ratio=exp(_b[format]*format)
. tab format_ratio

format_rati

o | Freq. Percent Cum.
1.138841 | 179 57.01 57.01
1.296959 | 63 20.06 77.07

1.47703 | 36 11.46 88.54
1.682102 | 14 4.46 92.99
1.915646 | 12 3.82 96.82
2.181616 | 5 1.59 98.41
2.484514 | 1 0.32 98.73
2.829466 | 4 1.27 100.00

Total | 314 100.00
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As in the case of the other PH models, the ratio of each adjacent value of the
format covariate is identical:

. display 1.47703/1.296959
1.1388409

. display 1.682102/1.47703
1.1388408

. display 2.829466/2.484514
1.1388408
This is essentially the PH property in action.

In R, this is how I could generate the hazard ratios:

> format.rat<- exp(coxcoef[4,1]*format)
>

v

cbind(table(format.rat))
[,1]
13884090822536 179
29695861424757 63
47702952618041 36
68210164707097 14
91564616747769 12

[CII I CIN SRR NN

18161622120872 5
48451379876053 1
.82946595107888 4
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Estimated Hazard Ratio for Formation Attempts Covariate
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Figure: This figures plots hazard ratios for formation attempts covariate.
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Testing the PH Assumption

» There are a variety of ways to test the PH assumption.

Jones POL 217: Topics in Methodology



Bradford S. Jones, UC-Davis, Dept. of Political Science Today: Cox Models

Testing the PH Assumption

» There are a variety of ways to test the PH assumption.

» Basically, the assumption holds when the effect of the
covariate does not vary, significantly, wrt time.
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» There are a variety of ways to test the PH assumption.

» Basically, the assumption holds when the effect of the
covariate does not vary, significantly, wrt time.

» Graphical displays are useful here.
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Testing the PH Assumption

>

There are a variety of ways to test the PH assumption.

v

Basically, the assumption holds when the effect of the
covariate does not vary, significantly, wrt time.

v

Graphical displays are useful here.

v

Plots of residuals are really useful.

v

Residuals from Cox model are complicated.
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» Schoenfeld residuals are really useful.
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RESLIE]S

» Schoenfeld residuals are really useful.
» They are complicated looking.
» But are conceptually straightforward.

» What they tell you, roughly, is this:
The difference between the covariate value observed at a
failure time, x;, and the expected value of the covariate, x; for
those observations still in the risk set.

Jones POL 217: Topics in Methodology



Bradford S. Jones, UC-Davis, Dept. of Political Science Today: Cox Models

RESLIE]S
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Schoenfeld residuals are really useful.
They are complicated looking.
But are conceptually straightforward.

What they tell you, roughly, is this:

The difference between the covariate value observed at a
failure time, x;, and the expected value of the covariate, x; for
those observations still in the risk set.

» If a covariate's effect is unaffected by t, then this difference
should be 0 at all failure times.
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Schoenfeld residuals are really useful.
They are complicated looking.
But are conceptually straightforward.

What they tell you, roughly, is this:

The difference between the covariate value observed at a
failure time, x;, and the expected value of the covariate, x; for
those observations still in the risk set.

» If a covariate's effect is unaffected by t, then this difference
should be 0 at all failure times.

» What if it is not?
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Schoenfeld residuals are really useful.
They are complicated looking.
But are conceptually straightforward.

What they tell you, roughly, is this:

The difference between the covariate value observed at a

failure time, x;, and the expected value of the covariate, x; for

those observations still in the risk set.

» If a covariate's effect is unaffected by t, then this difference
should be 0 at all failure times.

» What if it is not?

» It implies x; is departing from its expected value over some of
the observed failure times.
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RESLIE]S

Schoenfeld residuals are really useful.
They are complicated looking.

But are conceptually straightforward.

vV v v Yy

What they tell you, roughly, is this:

The difference between the covariate value observed at a
failure time, x;, and the expected value of the covariate, x; for
those observations still in the risk set.

» If a covariate's effect is unaffected by t, then this difference
should be 0 at all failure times.

» What if it is not?

» It implies x; is departing from its expected value over some of
the observed failure times.

» This means over some range of t, x; exhibits
nonproportionality.
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RESLIE]S

» What do they look like?
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RESLIE]S

» What do they look like?

» Assume there are p covariates and n independent observations
of time, covariates, and censoring, which are represented as
(ti, xi, ci), where f =1,2,....n, and ¢; = 1 for uncensored
observations and zero otherwise.
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RESLIE]S

» What do they look like?

» Assume there are p covariates and n independent observations
of time, covariates, and censoring, which are represented as
(ti, xi, ci), where f =1,2,....n, and ¢; = 1 for uncensored
observations and zero otherwise.

» From Hosmer and Lemeshow (1999), Schoenfeld residuals are:
Psike = Ci(Xik — Xk, (2)
where "
A ZjeR(t,-) Xjk €

Xw;k = 5 (3)
ZjeR(t,-) e’
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RESLIE]S

» What do they look like?

» Assume there are p covariates and n independent observations
of time, covariates, and censoring, which are represented as
(ti, xi, ci), where f =1,2,....n, and ¢; = 1 for uncensored
observations and zero otherwise.

» From Hosmer and Lemeshow (1999), Schoenfeld residuals are:
Psike = Ci(Xik — Xk, (2)

where ,
~ ZjeR(t,-) XJ'kerﬂ
Xwik = 75
ZjeR(t,-) e/
» Definition: “the covariate value for the case that failed minus
the expected value for the covariate.”
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RESLIE]S

» Sometimes, this residual is written as:

Xik — E XikPj

JER(t)
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RESLIE]S

» Sometimes, this residual is written as:
Xik — Z XikPj
JER(t;)

» This gives the difference in the covariate value at t minus a
weighted average of the covariate (weighted by the probability
of failure, which is derived from the partial likelihood
estimator).
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RESLIE]S

» Sometimes, this residual is written as:

Xik — E XikPj

JER(t)

» This gives the difference in the covariate value at t minus a
weighted average of the covariate (weighted by the probability
of failure, which is derived from the partial likelihood
estimator).

» Example: | adopted/adapted this example from Prof. K.
Cobb's lecture notes (Stanford University, Dept. Health
Research and Policy).
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RESLIE]S

» At time=7, suppose we have 5 cases and two variables, xi, x»:
x=55,0; 45,1; 67,0; 58,1; 70,1.
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» At time=7, suppose we have 5 cases and two variables, xi, x»:
x=55,0; 45,1; 67,0; 58,1; 70,1.

> Suppose xjj = (55,0) fails at time=7.
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» At time=7, suppose we have 5 cases and two variables, xi, x»:
x=55,0; 45,1; 67,0; 58,1; 70,1.

> Suppose xjj = (55,0) fails at time=7.

» Imagine the probability of failure at time=7 (derived from
partial likelihood) for each case is: .10, .05, .30, .20, .30.
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RESLIE]S

» At time=7, suppose we have 5 cases and two variables, xi, x»:
x=55,0; 45,1; 67,0; 58,1; 70,1.

> Suppose xjj = (55,0) fails at time=7.

» Imagine the probability of failure at time=7 (derived from
partial likelihood) for each case is: .10, .05, .30, .20, .30.

» Schoenfeld residual for xi:
55 — {55(.10) + 45(.05) + 67(.30) + 58(.20) + 70(.30)} =
55 —-60 = -5
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RESLIE]S

» At time=7, suppose we have 5 cases and two variables, xi, x»:
x=55,0; 45,1; 67,0; 58,1; 70,1.

> Suppose xjj = (55,0) fails at time=7.

» Imagine the probability of failure at time=7 (derived from
partial likelihood) for each case is: .10, .05, .30, .20, .30.

» Schoenfeld residual for xi:
55 — {55(.10) + 45(.05) + 67(.30) + 58(.20) + 70(.30)} =
55 —-60 = -5

» Schoenfeld residual for x;:
0—{0(.10)+1(.05)+0(.30)+1(.20)+1(.30)} = 0—.55 = —.55
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PH

» Schoenfeld residuals are not a function of time.
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PH

» Schoenfeld residuals are not a function of time.

» Therefore, plots of them against time (or log(t)) that show
trends indicate possible violations of the proportional hazards

property.
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PH

» Schoenfeld residuals are not a function of time.

» Therefore, plots of them against time (or log(t)) that show
trends indicate possible violations of the proportional hazards
property.

» Regression of them on time or log(t) also serves as a
diagnostic.
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PH

» Schoenfeld residuals are not a function of time.

» Therefore, plots of them against time (or log(t)) that show
trends indicate possible violations of the proportional hazards
property.

» Regression of them on time or log(t) also serves as a
diagnostic.

» lllustration in R (Stata illustration can be found on webpage
for book or POL 290G webpage).
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PH

» Schoenfeld residuals are not a function of time.

» Therefore, plots of them against time (or log(t)) that show
trends indicate possible violations of the proportional hazards

property.
» Regression of them on time or log(t) also serves as a
diagnostic.

» lllustration in R (Stata illustration can be found on webpage
for book or POL 290G webpage).

» Data are adoption of restrictive abortion legislation.
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R coxph:

> abort.coxph<-coxph(Surv(duration,rev.even)” south + mooneymean + asimean,
+ data=abort)
>
> summary (abort.coxph)
Call:
coxph(formula = Surv(duration, rev.even) ~ south + mooneymean +
asimean, data = abort)

n= 2554
coef exp(coef) se(coef) z P
south 0.4926 1.64 0.23833 2.07 0.0390
mooneymean -0.1860 0.83 0.05849 -3.18 0.0015
asimean -0.0203 0.98 0.00645 -3.15 0.0016
exp(coef) exp(-coef) lower .95 upper .95
south 1.64 0.611 1.026 2.611
mooneymean 0.83 1.204 0.740 0.931
asimean 0.98 1.021 0.968 0.992
Rsquare= 0.013  (max possible= 0.417 )
Likelihood ratio test= 33.1 on 3 df, =3.12e-07
Wald test = 29.2 on 3 df, p=2.00e-06

Score (logrank) test = 30.8 on 3 df, p=9.6e-07
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PH Property

» Estimates tell us nothing about the PH property.
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» Estimates tell us nothing about the PH property.

» In R, we can use the cox.zph package in survreg
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PH Property

» Estimates tell us nothing about the PH property.
» In R, we can use the cox.zph package in survreg

» Conceptually, PH should hold when, in the following model

Bi(t) = Bk + gg(t) (4)

q; = 0. (Why 07)
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PH Property

» Estimates tell us nothing about the PH property.
» In R, we can use the cox.zph package in survreg

» Conceptually, PH should hold when, in the following model

Bi(t) = Bk + gg(t) (4)

q; = 0. (Why 07)
» Regression of the Schoenfeld residuals on log(t) should reveal
a slope of “0" wrt time. This is essentially a test of g; = 0.
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PH Property

v

Estimates tell us nothing about the PH property.

v

In R, we can use the cox.zph package in survreg

v

Conceptually, PH should hold when, in the following model
Bi(t) = Bk + q;g(t) (4)

q; = 0. (Why 07)
Regression of the Schoenfeld residuals on log(t) should reveal
a slope of “0" wrt time. This is essentially a test of g; = 0.

v

The test of the slope=0 follows a x? distribution with k d.f.
for a global test (model-wise)

v
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PH Property

» Estimates tell us nothing about the PH property.
» In R, we can use the cox.zph package in survreg

» Conceptually, PH should hold when, in the following model
Bi(t) = Br + qjg(t) (4)

q; = 0. (Why 07)
» Regression of the Schoenfeld residuals on log(t) should reveal
a slope of “0" wrt time. This is essentially a test of g; = 0.

> The test of the slope=0 follows a x? distribution with k d.f.
for a global test (model-wise)

» For covariate-specific tests, d.f. = 1.
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PH Property

» Estimates tell us nothing about the PH property.
» In R, we can use the cox.zph package in survreg

» Conceptually, PH should hold when, in the following model

Bi(t) = Bk + gg(t) (4)

q; = 0. (Why 07)
» Regression of the Schoenfeld residuals on log(t) should reveal
a slope of “0" wrt time. This is essentially a test of g; = 0.

> The test of the slope=0 follows a x? distribution with k d.f.
for a global test (model-wise)

» For covariate-specific tests, d.f. = 1.

» Continuing with illustration:

Jones POL 217: Topics in Methodology



cal Science day: Cox Models

> ##Using cox.zph to test proportional hazards assumption.
##Results differ slightly from Stata because of slightly different
##algorithm used in computation.

abort .zph<-cox.zph(abort.coxph, transform="log")

abort.zph

rho chisq P
south 0.1172 1.213 0.2707
mooneymean 0.2370 5.496 0.0191
asimean -0.0579 0.281 0.5961
GLOBAL NA 8.935 0.0302
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Figure: This figures plots Schoenfeld Residuals.
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Solutions?

» If non-proportional hazards are found, what do you do?
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Solutions?

» If non-proportional hazards are found, what do you do?

» The usual suggestion is to interact the “offending covariate”
with time, or some function of time, like log(t).
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Solutions?

» If non-proportional hazards are found, what do you do?

» The usual suggestion is to interact the “offending covariate’
with time, or some function of time, like log(t).

» Note: do not include “main effect” of time in the model
(Why?)
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Solutions?

» If non-proportional hazards are found, what do you do?

» The usual suggestion is to interact the “offending covariate”
with time, or some function of time, like log(t).

» Note: do not include “main effect” of time in the model
(Why?)
» Other solutions? Stratification on the offending variable.
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Solutions?

v

If non-proportional hazards are found, what do you do?

v

The usual suggestion is to interact the “offending covariate”
with time, or some function of time, like log(t).

Note: do not include “main effect” of time in the model
(Why?)

Other solutions? Stratification on the offending variable.

v

v

Stratification allows the baseline hazard to vary over levels of
the factor.

v
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Solutions?

» If non-proportional hazards are found, what do you do?

» The usual suggestion is to interact the “offending covariate”
with time, or some function of time, like log(t).

» Note: do not include “main effect” of time in the model
(Why?)

» Other solutions? Stratification on the offending variable.

» Stratification allows the baseline hazard to vary over levels of
the factor.

» Drawback to stratification? You don't directly estimate the
effect parameter for the stratification variable.
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Solutions?

» If non-proportional hazards are found, what do you do?

» The usual suggestion is to interact the “offending covariate”
with time, or some function of time, like log(t).

» Note: do not include “main effect” of time in the model
(Why?)

» Other solutions? Stratification on the offending variable.

» Stratification allows the baseline hazard to vary over levels of
the factor.

» Drawback to stratification? You don't directly estimate the
effect parameter for the stratification variable.

» | don’t recommend inclusion of interactions unless it is
absolutely necessary.
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Solutions?

» If non-proportional hazards are found, what do you do?

» The usual suggestion is to interact the “offending covariate”
with time, or some function of time, like log(t).

» Note: do not include “main effect” of time in the model
(Why?)
» Other solutions? Stratification on the offending variable.

» Stratification allows the baseline hazard to vary over levels of
the factor.

» Drawback to stratification? You don't directly estimate the
effect parameter for the stratification variable.

» | don’t recommend inclusion of interactions unless it is
absolutely necessary.

» Example of inclusion of time interaction can be found in
ICPSR tutorial for Cox model.
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