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Matching Estimators
of Causal Effects

Prospects and Pitfalls

in Theory and Practice

Stephen L. Morgan
Cornell University, Ithaca, NY

David J. Harding
University of Michigan, Ann Arbor

As the counterfactual model of causality has increased in popularity, sociolo-

gists have returned to matching as a research methodology. In this article,

advances over the past two decades in matching estimators are explained, and

the practical limitations of matching techniques are emphasized. The authors

introduce matching methods by focusing first on ideal scenarios in which stra-

tification and weighting procedures warrant causal inference. Then, they dis-

cuss how matching is often undertaken in practice, offering an overview of the

most prominent data analysis routines. With four hypothetical examples, they

demonstrate how the assumptions behind matching estimators often break

down in practice. Even so, the authors argue that matching techniques can be

used effectively to strengthen the prosecution of causal questions in sociology.

Keywords: matching methods; matching techniques; stratification; causal

effects

he counterfactual, or ‘‘potential outcomes,’’ model of causality offers

new possibilities for the formulation and investigation of causal ques-

tions in sociology. In the language of Holland (1986), the counterfactual

perspective shifts attention from the identification of the ‘‘causes of effects’’

toward the more tractable goal of estimating the ‘‘effects of causes.’’

Accordingly, the primary goal of causal analysis becomes the investigation

of selected effects of a particular cause, rather than the search for all
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possible causes of a particular outcome along with the comprehensive esti-

mation of all of their relative effects.

The rise of the counterfactual model to prominence has increased the

popularity of data analysis routines that are most clearly useful for estimat-

ing the effects of causes. The matching estimators that we review and

explain in this article are perhaps the best example of a classic technique

that has reemerged in the past two decades as a promising procedure for

estimating causal effects. Matching represents an intuitive method for

addressing causal questions, primarily because it pushes the analyst to con-

front the process of causal exposure as well as the limitations of available

data. Accordingly, among social scientists who adopt a counterfactual per-

spective, matching methods are fast becoming an indispensable technique

for prosecuting causal questions, even though they usually prove to be the

beginning rather than the end of causal analysis on any particular topic.

Yet while empirical examples that demonstrate the potential utility of

matching methods are accumulating, the methodological literature has

fallen behind in providing an up-to-date treatment of the fundamentals of

matching, the recent developments in practical matching methodology,

and sober assessments of the strengths and weaknesses of the techniques.

The purpose of this article is to provide a starting point for those sociolo-

gists who are sophisticated users of other quantitative methods and who

want to understand matching methods, either to consider using matching

methods in their own work or to teach matching methods in graduate

methods courses. Although our agenda is primarily explanatory, we also

make the case that matching techniques should be used with considerable

caution and not to the exclusion of other more established methods. Even

so, we see considerable promise in the usage of matching techniques to

strengthen the prosecution of causal questions in sociology.

We begin with a brief discussion of the past use of matching methods.

Some sociologists may be surprised to learn that the sociological literature

contains some of the early developments in matching methodology. We

then outline the key ideas of the counterfactual model of causality, with

which most matching methods are now motivated. Then, we present the

fundamental concepts underlying matching, including stratification of the

data, weighting to achieve balance, and propensity scores. Thereafter, we

discuss how matching is usually undertaken in practice, including an over-

view of various matching algorithms. Finally, we discuss how the assump-

tions behind matching estimators often break down in practice, and we

present some of the remedies that have been proposed to address the

resulting problems.

4 Sociological Methods & Research

 at UNIV CALIFORNIA DAVIS on February 9, 2009 http://smr.sagepub.comDownloaded from 

http://smr.sagepub.com


In the course of presentation, we offer four hypothetical examples that

demonstrate some of the essential claims of the matching literature, pro-

gressing from idealized examples of stratification and weighting to the

implementation of alternative matching algorithms on simulated data

where the treatment effects of interest are known by construction. As we

offer these examples, we add real-world complexity to demonstrate how

such complexity can rapidly overwhelm the power of the techniques. We

adopt this strategy to move beyond the sanguine methodological literature

on matching, which has insufficiently demonstrated the particular weak-

nesses of matching techniques.

Origins and Motivations for Matching

Matching techniques have origins in experimental work from the first half

of the twentieth century. Relatively sophisticated discussions of matching

as a research design can be found in early methodological texts in socio-

logy (see Greenwood 1945) and also in attempts to adjudicate between

competing explanatory accounts in applied demography (Freedman and

Hawley 1949). This early work continued in sociology (e.g., Althauser

and Rubin 1970, 1971; Yinger, Ikeda, and Laycock 1967), right up to

the key foundational literature in statistics (Rubin 1973a, 1973b, 1976a,

1976b, 1977, 1979, 1980) that provided the conceptual foundation for the

new wave of matching techniques that we present in this article.

In the early 1980s, matching techniques, as we conceive of them now,

were advanced in a set of papers by Rosenbaum and Rubin (1983a, 1984,

1985a, 1985b) that offered solutions to a variety of practical problems that

had limited matching techniques to very simple applications in the past.

Variants of these new techniques found some use immediately in sociol-

ogy (Berk and Newton 1985; Berk, Newton, and Berk 1986; Hoffer, Gree-

ley, and Coleman 1985), continuing with work by Smith (1997). In the

late 1990s, economists joined in the development of matching techniques

in the course of evaluating social programs (e.g., Heckman, Ichimura, and

Todd 1997, 1998; Heckman, Ichimura, Smith, and Todd 1998; Heckman,

LaLonde, and Smith 1999). New sociological applications are now accu-

mulating (DiPrete and Engelhardt 2004; DiPrete and Gangl 2004; Harding

2003; Morgan 2001), and we expect that matching will complement other

types of modeling in sociology with greater frequency in the future.

In the methodological literature, matching is usually introduced in one

of two ways: (1) as a method to form quasi-experimental contrasts by
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sampling comparable treatment and control cases from among two larger

pools of such cases or (2) as a nonparametric method of adjustment for

treatment assignment patterns when it is feared that ostensibly simple

parametric regression estimators cannot be trusted.

For the first motivation, the archetypical example is an observational

biomedical study where a researcher is called upon to assess what can be

learned about a particular treatment. The investigator is given access to

two sets of data, one for individuals who have been treated and one for

individuals who have not. Each data set includes a measurement of current

symptoms, Yi, and a set of characteristics of individuals, as a vector of

variables Xi, that are drawn from demographic profiles and health his-

tories. Typically, the treatment cases are not drawn from a population via

any known sampling scheme. Instead, they emerge as a result of the distri-

bution of initial symptoms, patterns of access to the health clinic, and then

decisions to take the treatment. The control cases, however, may represent

a subsample of health histories from some known data set. Often, the

treatment is scarce, and the control data set is much larger than the treat-

ment data set.

In this scenario, matching is a method of strategic subsampling from

among treated and control cases. The investigator selects a nontreated

control case for each treated case based on the characteristics in Xi. All

treated cases and matched control cases are retained, and all nonmatched

control cases are discarded. Differences in Yi are then calculated for trea-

ted and matched cases, with the average difference serving as the treat-

ment effect estimate for the group of individuals given the treatment.1

The second motivation has no archetypical substantive example, as it is

similar in form to any attempt to use regression to estimate causal effects

with survey data. Suppose, for a general example, that an investigator is

interested in the causal effect of an observed dummy variable, Di, on an

observed outcome, Yi. But, it is known that a simple bivariate regression,

Yi =α+ γDi + εi, will yield an estimated coefficient γ̂ that is a biased and

inconsistent estimate of the causal effect of interest because the causal

variable Di is associated with variables embedded in the error term, εi.

For a particular example, if Di is the receipt of a college degree and Yi is a

measure of economic success, then the estimate of interest is the causal

effect of obtaining a college degree on subsequent economic success.

However, family background variables are present in εi, which are corre-

lated with Di, and this relationship produces classical omitted variables

bias for a college degree coefficient estimated from a bivariate ordinary

least squares (OLS) regression of Yi on Di.

6 Sociological Methods & Research
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In comparison to the biomedical example just presented, this motivation

differs in two ways: (1) in most applications of this type, the data represent

a random sample from a well-defined population, and (2) the common prac-

tice in the applied literature is to use regression to estimate effects. For the

education example, a set of family background variables in a vector Xi is

assumed to predict both Di and Yi. The standard regression solution is to

estimate an expanded regression equation: Yi =α+ γDi + β0Xi + εi. With

this strategy, the goal is to estimate simultaneously the causal effects of Xi

and Di on the outcome, Yi; which may be possible because the sample is

randomly drawn from a known population.

In contrast, a matching estimator nonparametrically balances the variables

in Xi across Di solely in the service of obtaining the best possible estimate of

the causal effect of Di on Yi. The most popular technique is to estimate the

probability of Di for each individual i as a function of Xi and then to select

for further analysis only matched sets of treatment and control cases that con-

tain individuals with equivalent values for these predicted probabilities. This

procedure results in a subsampling of cases, comparable to the matching pro-

cedure described for the biomedical example, but for a single dimension that

is a function of the variables in Xi. In essence, the matching procedure throws

away information from the joint distribution of Xi and Yi that is unrelated to

variation in the treatment variable Di until the remaining distribution of Xi is

equivalent for both the treatment and control cases. When this equivalence is

achieved, the data are said to be balanced with respect to Xi. Under main-

tained assumptions that we will introduce later, the remaining differences in

the observed outcome between the treatment and matched control cases can

then be regarded as attributable solely to the effect of the treatment.

For the remainder of this article, we will adopt this second scenario, as

research designs in which data are drawn from random-sample surveys

are much more common in sociology. Thus, we will assume that the data

in hand were generated by a relatively large random-sample survey, where

the proportion and pattern of individuals who are exposed to the cause are

fixed in the population by whatever process generates causal exposure.

Moreover, we will assume for our presentation that the variables in the

data are measured without error.2

Counterfactuals and Causal Effects

Although matching can be seen as an extension of the tabular analysis of

simple three-way cross-classifications (i.e., outcome variable by causal

Morgan, Harding / Estimators of Causal Effects 7
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variable by adjustment variable), the current literature is primarily asso-

ciated with counterfactual models of causality.3 Accordingly, from here

onward, we adopt the language that dominates this framework, writing of

the causal variable of interest as a treatment variable. And, as will become

apparent latter, we confine most of our attention to binary treatments, gen-

erally referring to the group that receives the treatment as the treatment

group and the group that does not as the control group.4 One could, how-

ever, rewrite all that follows referring to such groups as those who are

exposed to the cause and those who are not.

Causal Effects of Primary Interest

In the counterfactual framework, we approach causal inference by first

stipulating the existence of two potential outcome random variables that

are defined over all individuals in the population. Y1
i is the potential out-

come in the treatment state for individual i, and Y0
i is the potential out-

come in the control state for individual i. The individual-level causal

effect of the treatment is then defined as

δi = Y1
i − Y0

i : ð1Þ

Because we can never observe the potential outcome under the treatment

state for those observed in the control state (and vice versa), we can never

know the individual-level causal effects in equation (1).5 This predica-

ment is sometimes labeled the fundamental problem of causal inference

(Holland 1986). Instead, we can only observe values for a variable Yi,

which is related to the potential outcomes of each individual by

Yi =Y1
i if Di = 1;

Yi =Y0
i if Di = 0;

where the binary variable, Di, is equal to 1 if an individual receives the

treatment (i.e., is exposed to the cause) and equal to 0 if an individual

receives the control (i.e., is not exposed to the cause). This paired defini-

tion is generally written compactly as

Yi =DiY
1
i + ð1−DiÞY0

i : ð2Þ

Because it is usually impossible to effectively estimate individual-level

causal effects, we typically shift attention to aggregated causal effects.

With E½:� denoting the expectation operator from probability theory, the

average causal effect is

E½δi�=E½Y1
i �−E½Y0

i �. ð3Þ
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For equation (3), the expectation is defined with reference to the popu-

lation of interest, and the conditioning on i is redundant (because the cau-

sal effect of a randomly selected individual from the population is equal to

the average causal effect across individuals in the population). Nonethe-

less, as with most other work in the counterfactual framework, we will

preserve conditioning on i in our notation for causal effects, as it rein-

forces the inherent individual-level heterogeneity of potential outcomes

and causal effects.

Although the unconditional average treatment effect is the most com-

mon subject of investigation in sociology, more narrowly defined average

treatments are of interest as well, as we show in the examples later. The

average treatment effect for those who take the treatment is

E½δijDi = 1�=E½Y1
i jDi = 1�−E½Y0

i jDi = 1�; ð4Þ

and the average treatment effect for those who do not take the treatment

is

E½δijDi = 0�=E½Y1
i jDi = 0�−E½Y0

i jDi = 0�: ð5Þ

As will become clear, in many cases, only one of the two average treat-

ments effects in equations (4) and (5) can be estimated consistently, and

when this is the case, the overall average treatment effect in equation (3)

cannot be estimated consistently.

Other average causal effects (or more general properties of the distri-

bution of causal effects) are often of interest as well, and Heckman

(2000), Manski (1995), Rosenbaum (2002), and Pearl (2000) all give full

discussions of the variety of causal effects that may be relevant for differ-

ent types of applications. In this article, we focus almost exclusively on

the three types of average causal effects represented by equations (3), (4),

and (5).

Naive Estimation of Causal Effects

Having introduced the notation of the counterfactual model, in this

section, we explain why matching may be necessary by demonstrating the

general weakness of what has become known as the ‘‘naive estimator’’ in

the literature. We also use this section to introduce notation for sample-

based quantities, which can then be related to the population-level expec-

tations of the last section, as well as the general large-sample inference

framework that we use throughout our presentation.

Morgan, Harding / Estimators of Causal Effects 9
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For this section, we assume that randomization of the treatment

is infeasible in the unspecified application that is under consideration.

Instead, an autonomous fixed treatment selection regime prevails, where

π is the proportion of the population that takes the treatment instead of

the control. Thus, the value of π is fixed in the population by the behavior

of individuals, and it is unknown to the researcher.

We assume that the researcher has observed survey data from a rela-

tively large random sample of the population. For the sample expectation

of a quantity in a sample of size N, we will use a subscript on the expecta-

tion operator, as in EN ½:�: Accordingly, EN ½Di� is the sample mean of the

dummy treatment variable, EN ½YijDi = 1� is the sample mean of the out-

come for those observed in the treatment group, and EN ½YijDi = 0� is the

sample mean of the outcome for those observed in the control group.6 The

naive estimator of the average causal effect is then defined as

δ̂NAIVE ≡EN ½YijDi = 1�−EN ½YijDi = 0�; ð6Þ

which is simply the difference in the sample means of the observed out-

come variable Yi for the observed treatment and control cases in the full

sample (i.e., prior to any subsampling via a matching routine).

In the absence of randomization of the treatment, the naive estimator

rarely yields a consistent estimate of the average treatment effect because

it converges to a contrast, E½YijDi = 1�−E½YijDi = 0�; that is not equiva-

lent to any of the causal effects defined in the last section. To make this

clear, we can decompose the average causal effect as

E½δi�= fπE½Y1
i jDi = 1�+ ð1−πÞE½Y1

i jDi = 0�g
− fπE½Y0

i jDi = 1�+ ð1−πÞE½Y0
i jDi = 0�g:

ð7Þ

The average treatment effect is then a function of five unknowns: the

proportion of the population that is assigned to (or self-selects into) the

treatment, along with four conditional expectations of the potential out-

comes. Without introducing additional assumptions, we can consistently

estimate with observational data from a sample of the population only

three of the five unknowns on the right-hand side of equation (7).

We know that, for a very large random sample, the mean of the dummy

treatment variable Di would be equal to the true proportion of the popula-

tion that would be assigned to (or would select into) the treatment. More

precisely, we know that the sample mean of Di converges in probability

to π, which we write as

EN ½Di�−→p π. ð8Þ

10 Sociological Methods & Research
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Although the notation of equation (8) may appear unfamiliar, the claim

is that, as the sample size N increases, the sample mean of Di approaches

the true value of π, which we assume is a fixed population parameter.

Thus, the notation −→p connotes convergence in probability for a

sequence of estimates over a set of samples where the sample size N is

increasing. We can offer similar claims about two other unknowns in

equation (7):

EN ½YijDi = 1�−→p E½Y1
i jDi = 1�; ð9Þ

EN ½YijDi = 0�−→p E½Y0
i jDi = 0�; ð10Þ

which indicate that the sample mean of the observed outcome in the treat-

ment group converges to the true average outcome under the treatment

state for those in the treatment group (and analogously for the control

group and control state).7

Unfortunately, however, there is no assumption-free way to effectively

estimate the two remaining unknowns in equation (7): E½Y1
i jDi = 0� and

E½Y0
i jDi = 1�. These are counterfactual conditional expectations: the aver-

age outcome under the treatment for those in the control and the average

outcome under the control for those in the treatment. Without further

assumptions, no estimated quantity based on observed data from a random

sample of the population would converge to the true values for these

unknowns.

Estimating Causal Effects Under Maintained

Assumptions About Potential Outcomes

What assumptions would suffice to enable consistent estimation of the

average treatment effect with observed data? There are two basic classes

of assumptions, which can be regarded as mirror images of each other:

(1) assumptions about potential outcomes for subsets of the population

defined by treatment status and (2) assumptions about the treatment

assignment/selection process in relation to the potential outcomes. For the

first type of assumption, we could assert the following two equalities:

Assumption 1: E½Y1
i jDi = 1�=E½Y1

i jDi = 0�; ð11Þ
Assumption 2: E½Y0

i jDi = 1�=E½Y0
i jDi = 0�; ð12Þ

and then substitute into equation (7) to reduce the number of unknowns

from the original five parameters to the three parameters that we know from

equations (8) through (10) can be consistently estimated with the data.

Morgan, Harding / Estimators of Causal Effects 11
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For the second type of assumption, we could assert what has become

known as an assumption of the ignorability of treatment assignment (see

Rubin 1978). If the treatment Di is completely independent of the poten-

tial outcomes Y0
i and Y1

i (as well as any function of them, such as the dis-

tribution of δiÞ, then treatment assignment is ignorable.8 When treatment

assignment is ignorable in this sense, Assumptions 1 and 2 are implied.

For our presentation, asserting assumptions about average differences

in potential outcomes for subsets of the population, as in Assumptions 1

and 2, is often more straightforward than invoking assumptions about the

independence of treatment assignment from potential outcomes. Consider

the following two scenarios that demonstrate why, where first we note the

utility of ignorability assumptions in randomization research designs.

If Di is assigned by some completely random process in the population,

then treatment assignment is ignorable because Di is fully independent of

everything defined on the population before the treatment is applied

(i.e., Y0
i , Y1

i ; δi, etc.). Random treatment assignment justifies Assumptions

1 and 2 since, by the same reasoning, the average difference between

those in the treatment group and those in the control must be zero for both

Y0
i and Y1

i if full independence of Di is assumed. But it is somewhat more

natural to discuss the implications of randomization via ignorability

assumptions, as the randomization operation is the most prominent feature

of the research design. Accordingly, ignorability assumptions are com-

mon in discussions of matching in biostatistics where randomization is

widespread.

Now consider the sort of research designs that are most prevalent in the

social sciences. Here, randomization is infeasible, the outcome Yi has an

inherent metric of theoretical interest, and treatment assignment is more

often a process of self-selection (or nonrandom allocation) than assign-

ment by an autonomous randomizer. For this type of research, expecta-

tion-based assumptions such as Assumptions 1 and 2 are commonly used.

It is often more natural to directly assert Assumption 1 or Assumption 2

(or perhaps both) based on theoretical conjectures about the ‘‘what if’’

average levels of counterfactual potential outcomes for individuals if they

had been exposed to an alternative cause. Backing all the way up to an all-

encompassing assumption of ignorability of treatment assignment proves

unnatural (and is often unnecessary if one is only interested in estimating

either the average treatment effect for the treated or the average treatment

effect for the untreated).

In the remaining sections of this article, we present matching estimators

within the counterfactual framework we have introduced in this section.

12 Sociological Methods & Research

 at UNIV CALIFORNIA DAVIS on February 9, 2009 http://smr.sagepub.comDownloaded from 

http://smr.sagepub.com


As we noted at the outset, matching is a set of techniques that can be moti-

vated in other ways. And, in fact, the classical matching literature is an

outgrowth of experimental methodology rather than the early potential

outcomes framework that now undergirds the counterfactual perspective.

Nonetheless, most of the work over the past three decades on matching

has been motivated with this framework for observational data analysis,

and thus we follow in this tradition.

Matching as Stratification

Having covered the preliminaries, in this section, we introduce matching

estimators in idealized research conditions. Thereafter, we proceed to a

discussion of matching in more realistic scenarios, which is where we

explain the developments of matching techniques that have been achieved

in the past three decades as well as the substantial problems that remain

and limit the ultimate usefulness of matching.

Estimating Causal Effects by Stratification

Suppose that those who take the treatment and those who do not are

very much unlike each other, and yet the ways in which they differ are

captured exhaustively by a set of observed treatment assignment/selection

variables S.9 For the language we will adopt in this article, knowledge

and observation of S allow for a ‘‘perfect stratification’’ of the data. By

‘‘perfect,’’ we mean precisely that individuals within groups defined by

values on the variables in S are entirely indistinguishable from each other

in all ways except for (1) observed treatment status and (2) completely

random shocks to the potential outcome variables. Under such a perfect

stratification of the data, even though we would not be able to assert

Assumptions 1 and 2, we would be able to assert conditional variants of

those assumptions:

Assumption 1-S: E½Y1
i jDi = 1; Si�=E½Y1

i jDi = 0; Si�; ð13Þ
Assumption 2-S: E½Y0

i jDi = 1; Si�=E½Y0
i jDi = 0; Si�: ð14Þ

These assumptions would suffice to enable consistent estimation of the

average treatment effect, as the treatment can be considered randomly

assigned within groups defined by values on the variables in S.10

Before we introduce an idealized example of stratification, first note why

everything works out so cleanly when a set of perfect stratifying variables

Morgan, Harding / Estimators of Causal Effects 13
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is available. If Assumption 1-S is valid, then

E½δijDi = 0; Si�=E½Y1
i jDi = 0; Si�−E½Y0

i jDi = 0; Si�
=E½Y1

i jDi = 1; Si�−E½Y0
i jDi = 0; Si�:

ð15Þ

If Assumption 2-S is valid, then

E½δijDi = 1; Si�=E½Y1
i jDi = 1; Si�−E½Y0

i jDi = 1; Si�
=E½Y1

i jDi = 1; Si�−E½Y0
i jDi = 0; Si�:

ð16Þ

Both of the last two lines of equations (15) and (16) are identical, and

neither includes counterfactual conditional expectations. One can consis-

tently estimate the differences in the last two lines of equations (15) and

(16) if these assumptions hold and thus obtain consistent estimates of

treatment effects conditional on S. To then form consistent estimates of

alternative average treatment effects, one simply averages the stratified

estimates over the distribution of S, as we show in the following hypothe-

tical example.

Hypothetical Example 1

Consider a completely hypothetical example where Assumptions 1 and

2 cannot be asserted because positive self-selection ensures that those who

are observed in the treatment group are more likely to benefit from the

treatment than those who are not. But assume that a three-category perfect

stratifying variable S is available that allows one to assert Assumptions

1-S and 2-S. Moreover, suppose for simplicity of exposition that our sam-

ple is large enough such that sampling error is trivial. Therefore, we can

assume that the sample moments in our data equal the population moments

(i.e., EN ½YijDi = 1�=E½YijDi = 1� and so on).11

If it is helpful, for this example, the reader can think of Yi as a measure

of an individual’s economic success at age 40, Di as an indicator of

receipt of a college degree, and Si as a mixed family background and pre-

paredness-for-college variable that completely accounts for the pattern of

self-selection into college that is relevant for lifetime economic success.

Note, however, that no one has ever discovered such a variable as S for

this particular causal effect.12 For economy of space, however, we will

refer to these variables generically as S, Y , and D below.

Suppose now that, for our very large sample, the sample mean of the

outcome for those observed in the treatment group is 10:2, whereas the

sample mean of the outcome for those observed in the control group is
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4:4: In other words, we have data that yield EN ½YijDi = 1�= 10:2 and

EN ½YijDi = 0�= 4:4 and where the naive estimator would yield a value of

5:8 (i.e., 10:2− 4:4).

Consider, now, an underlying set of potential outcome variables and

treatment assignment patterns that could give rise to a naive estimate of

5:8. Table 1 presents the joint probability distribution of the treatment

variable D and the stratifying variable S in its first panel as well as expec-

tations, conditional on S, of the potential outcomes under the treatment

and control states. The joint distribution in the first panel shows that indi-

viduals with S equal to 1 are more likely to be observed in the control

group, individuals with S equal to 2 are equally likely to be observed in

the control group and the treatment group, and individuals with S equal to

3 are more likely to be observed in the treatment group.

As shown in the second panel of Table 1, the average potential out-

comes conditional on S and D imply that the average causal effect is 2 for

those with S equal to 1 or S equal to 2 but 4 for those with S equal to 3

(see the last column). Moreover, as shown in the last row of the table,

where the potential outcomes are averaged over the within-D distribution

Table 1

The Joint Probability Distribution and Conditional

Population Expectations for Hypothetical Example 1

Joint Probability Distribution of S and D

D= 0 D= 1

S= 1 Pr½S= 1;D= 0�= :36 Pr½S= 1;D= 1�= :08 Pr½S= 1�= :44

S= 2 Pr½S= 2;D= 0�= :12 Pr½S= 2;D= 1�= :12 Pr½S= 2�= :24

S= 3 Pr½S= 3;D= 0�= :12 Pr½S= 3;D= 1�= :2 Pr½S= 3�= :32

Pr½D= 0�= :6 Pr½D= 1�= :4

Potential Outcomes

Under the Control State Under the Treatment State

S= 1 E½Y0jS= 1�= 2 E½Y1jS= 1�= 4 E½Y1 � Y0jS= 1�= 2

S= 2 E½Y0jS= 2�= 6 E½Y1jS= 2�= 8 E½Y1 � Y0jS= 2�= 2

S= 3 E½Y0jS= 3�= 10 E½Y1jS= 3�= 14 E½Y1 � Y0jS= 3�= 4

E½Y0jD= 0�
= :36

:6 ð2Þ+ :12
:6 ð6Þ+ :12

:6 ð10Þ
= 4:4

E½Y1jD= 1�
= :08

:4 ð4Þ+ :12
:4 ð8Þ+ :2

:4 ð14Þ
= 10:2
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of S, E½Y jD= 0�= 4:4 and E½YjD= 1�= 10:2, matching the initial setup

of the example based on a naive estimate of 5:8 from a very large sample.

Table 2 shows what can be calculated from the data, assuming that S

offers a perfect stratification of the data. The first panel presents the sam-

ple expectations of the observed outcome variable conditional on D and

S. The second panel of Table 2 presents corresponding sample estimates

of the conditional probabilities of S given D. The estimated values are for

a very large sample, as stipulated earlier, such that sampling error is

infinitesimal.

The existence of a perfect stratification (and the availability of a very

large data set) ensures that the estimated conditional expectations in the

first panel of Table 2 match the population-level conditional expectations

of the second panel of Table 1. When stratifying by S, the average

observed outcome for those in the control/treatment group with a particu-

lar value of S is equal to the average potential outcome under the control/

treatment state for those with a particular value of S. Conversely, if S were

not a perfect stratifying variable, then the sample means in the first panel

of Table 2 would not equal the expectations of the potential outcomes in

the second panel of Table 1. The sample means would be based on hetero-

geneous groups of individuals who differ systematically within the strata

defined by S in ways that are correlated with individual-level treatment

effects.

Table 2

Estimated Conditional Expectations and Probabilities From

a Very Large Sample for Hypothetical Example 1

Estimated Mean of the Observed

Outcome Conditional on S and D

Control Group Treatment Group

Si = 1 EN ½YijSi = 1;Di = 0�= 2 EN ½YijSi = 1;Di = 1�= 4

Si = 2 EN ½YijSi = 2;Di = 0�= 6 EN ½YijSi = 2;Di = 1�= 8

Si = 3 EN ½YijSi = 3;Di = 0�= 10 EN ½YijSi = 3;Di = 1�= 14

Estimated Probability of S Conditional on D

Si = 1 PrN ½Si = 1jDi = 0�= :6 PrN ½Si = 1jDi = 1�= :2

Si = 2 PrN ½Si = 2jDi = 0�= :2 PrN ½Si = 2jDi = 1�= :3

Si = 3 PrN ½Si = 3jDi = 0�= :2 PrN ½Si = 3jDi = 1�= :5
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If S offers a perfect stratification of the data, then, with a suitably large

sample, one can estimate from the numbers in the cells of the two panels

of Table 2 both the average treatment effect among the treated as

ð4− 2Þð:2Þ+ ð8− 6Þð:3Þ+ ð14− 10Þð:5Þ= 3 and the average treatment

effect among the untreated as (4− 2Þð:6Þ+ ð8− 6Þð:2Þ+ ð14− 10Þ
ð:2Þ= 2:4. Finally, if one calculates the appropriate marginal distributions

of S and D (using sample analogs for the marginal distribution from the

first panel of Table 1), one can perfectly estimate the unconditional aver-

age treatment effect either as ð4− 2Þð:44Þ+ ð8− 6Þð:24Þ+ ð14− 10Þ
ð:32Þ= 2:64 or as 3ð:6Þ+ 2:4ð:4Þ= 2:64. Thus, for this hypothetical exam-

ple, the naive estimator would be asymptotically upwardly biased for the

average treatment effect among the treated, the average treatment effect

among the untreated, and the unconditional average treatment effect. But,

by appropriately weighting stratified estimates of the treatment effect,

unbiased and consistent estimates of the average treatment effects in equa-

tions (3), (4), and (5) can be obtained.

In general, if a stratifying variable S completely accounts for all sys-

tematic differences between those who take the treatment and those who

do not, then conditional-on-S estimators yield consistent estimates of the

average treatment effect conditional on S:

fEN ½YijDi = 1; Si = s�−EN ½YijDi = 0; Si = s�g

−→p E½Y1
i − Y0

i jSi = s�=E½δijSi = s�:

One can then take weighted sums of these stratified estimators, such as

for the unconditional average treatment effect:X
S

fEN ½YijDi = 1; Si = s�−EN ½YijDi = 0; Si = s�g Pr N ½Si = s�−→p E½δi�:

Substituting into this last expression the distributions of S conditional

on the two possible values of D, one can obtain consistent estimates of the

average treatment effect among the treated and the average treatment

effect among the untreated.

The key to using stratification to solve the causal inference problem for

all three causal effects of primary interest is twofold: finding the stratify-

ing variable and then obtaining the marginal probability distribution PrðSÞ
as well as the conditional probability distribution PrðSjDÞ. Once these

steps are accomplished, obtaining consistent estimates of the within-strata

treatment effects is straightforward, and one simply forms the appropriate

weighted average of the stratified estimates.
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This simple example shows all of the basic principles of matching esti-

mators. Treatment and control subjects are matched together in the sense

that they are grouped together into strata. Then, an average difference

between the outcomes of treatment and control subjects is estimated,

based on a weighting of the strata (and thus the individuals within them)

by a common distribution—that is, the marginal distribution PrðSÞ, the

conditional distribution PrðSjD= 1Þ, the opposite conditional distribution

PrðSjD= 0Þ; or any other theoretically meaningful distribution of S. The

imposition of the same set of stratum-level weights for those in both the

treatment and control groups ensures that the data are balanced with

respect to the distribution of S across treatment and control cases.

Overlap Conditions for Stratifying Variables

Suppose now that a perfect stratification of the data is available but that

there is a stratum in which no member of the population ever receives the

treatment. Here, the average treatment effect is undefined. A hidden stipu-

lation is built into Assumptions 1-S and 2-S if one wishes to be able to

estimate the average treatment effect for the entire population. The ‘‘per-

fect’’ stratifying variables must not be so perfect that they sort determinis-

tically individuals into either the treatment and control. If so, the range of

the stratifying variables will differ fundamentally for treatment and con-

trol cases, necessitating a redefinition of the causal effect of interest.

Hypothetical Example 2

For the example depicted in Tables 3 and 4, S again offers a perfect

stratification of the data. The setup of these two tables is exactly equiva-

lent to the prior Tables 1 and 2. The major difference is evident in the joint

distribution of S and D presented in the first panel of Table 3. As shown

in the first cell of the second column, no individual with S equal to 1

would ever be observed in the treatment group of a data set of any size, as

the joint probability of S equal to 1 and D equal to 1 is zero. Correspond-

ing to this structural zero in the joint distribution of S and D, the second

panel of Table 3 shows that there is no corresponding conditional expecta-

tion of the potential outcome under the treatment state for those with S

equal to 1. And thus, as shown in the last column of the second panel of

Table 3, no causal effect exists for individuals with S equal to 1.13

Adopting the college degree causal effect framing of the last hypotheti-

cal example, this hypothetical example asserts that there is a subpopulation
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of individuals from such disadvantaged backgrounds that no individuals

with S= 1 have ever graduated from college. For this group of indivi-

duals, we assume in this example that there is simply no justification for

using the wages of those from more advantaged social backgrounds to

extrapolate to the ‘‘what-if’’ wages of the most disadvantaged individuals

if they had somehow overcome the obstacles that prevent them from

obtaining college degrees.

Table 4 shows what can be estimated from a very large sample for this

example. If S offers a perfect stratification of the data, one could consis-

tently estimate the treatment effect for the treated as ð8− 6Þð:325Þ+
ð14− 10Þð:675Þ= 3:35. There is, unfortunately, no way to consistently

estimate the treatment effect for the untreated and hence no way to consis-

tently estimate the unconditional average treatment effect.

Are examples such as this one ever found in practice? For an example

that is more realistic than the causal effect of a college degree on eco-

nomic success, consider the evaluation of a generic program in which

there is an eligibility rule. One simply cannot estimate the likely benefits

of enrolling in the program for those who are ineligible, even though, if

some of those individuals were enrolled in the program, they would likely

Table 3

The Joint Probability Distribution and Conditional Population

Expectations for Hypothetical Example 2

Joint Probability Distribution of S and D

D= 0 D= 1

S= 1 Pr½S= 1;D= 0�= :4 Pr½S= 1;D= 1�= 0 Pr½S= 1�= :4

S= 2 Pr½S= 2;D= 0�= :1 Pr½S= 2;D= 1�= :13 Pr½S= 2�= :23

S= 3 Pr½S= 3;D= 0�= :1 Pr½S= 3;D= 1�= :27 Pr½S= 3�= :37

Pr½D= 0�= :6 Pr½D= 1�= :4

Potential Outcomes

Under the Control State Under the Treatment State

S= 1 E½Y0jS= 1�= 2

S= 2 E½Y0jS= 2�= 6 E½Y1jS= 2�= 8 E½Y1 � Y0jS= 2�= 2

S= 3 E½Y0jS= 3�= 10 E½Y1jS= 3�= 14 E½Y1 � Y0jS= 2�= 4

E½Y0jD= 0�
= :4

:6 ð2Þ+ :1
:6 ð6Þ+ :1

:6 ð10Þ
= 4

E½Y1jD= 1�
= :13

:4 ð8Þ+ :27
:4 ð14Þ

= 12:05
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be affected by the treatment in some way (but, of course, in a way that

may be very different from those who do enroll in the program).

Perhaps the most important point of this last example, however, is that

the naive estimator is entirely misguided for this hypothetical application.

The average treatment effect is undefined for the population of interest.

More generally, not all causal questions have answers worth seeking even

in best-case data availability scenarios, and sometimes this will be clear

from the data and contextual knowledge of the application. However, at

other times, the data may appear to suggest that no causal inference is pos-

sible for some group of individuals even though the problem is simply a

small sample size. There is a clever solution to sparseness of data for these

types of situations, which we discuss in the next section.

Matching as Weighting

As shown in the last section, if all of the variables in S have been observed

such that a perfect stratification of the data would be possible with a suitably

large random sample from the population, then a consistent estimator is

available in theory for each of the average causal effects of interest defined

in equations (3) through (5). However, in many (if not most) data sets of

finite size, it may not be possible to use the simple estimation methods of

the last section to generate consistent estimates. Treatment and control cases

Table 4

Estimated Conditional Expectations and Probabilities From a Very

Large Sample for Hypothetical Example 2

Estimated Mean of the Observed

Outcome Conditional on S and D

Control Group Treatment Group

Si = 1 EN ½YijSi = 1;Di = 0�= 2

Si = 2 EN ½YijSi = 2;Di = 0�= 6 EN ½YijSi = 2;Di = 1�= 8

Si = 3 EN ½YijSi = 3;Di = 0�= 10 EN ½YijSi = 3;Di = 1�= 14

Estimated Probability of S Conditional on D

Si = 1 PrN ½Si = 1jDi = 0�= :667 PrN ½Si = 1jDi = 1�= 0

Si = 2 PrN ½Si = 2jDi = 0�= :167 PrN ½Si = 2jDi = 1�= :325

Si = 3 PrN ½Si = 3jDi = 0�= :167 PrN ½Si = 3jDi = 1�= :675
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may be missing at random within some of the strata defined by S, such that

some strata contain only treatment or only control cases. In this scenario,

some within-stratum causal effect estimates cannot be calculated. In this

section, we introduce a related set of weighting estimators that rely on esti-

mated propensity scores to solve the sort of data sparseness problems that

afflict samples of finite size.

The Utility of Known Propensity Scores

An estimated propensity score is the estimated probability of taking the

treatment as a function of variables that predict treatment assignment.

Before explaining the attraction of estimated propensity scores, there is

value in understanding why known propensity scores would be useful in

an idealized context such as a perfect stratification of the data.

Within a perfect stratification, the true propensity score is nothing other

than the within-stratum probability of receiving the treatment, or Pr½D= 1jS�:
For hypothetical Example 1, the propensity scores are as follows:

Pr½D= 1jS= 1�= :08

:44
= :182,

Pr½D= 1jS= 2�= :12

:24
= :5, and

Pr½D= 1jS= 3�= :2

:32
= :625.

Why is the propensity score useful? As shown earlier for hypothetical

Example 1, if a perfect stratification of the data is available, then the final

ingredient for calculating average treatment effect estimates for the treated

and for the untreated is the conditional distribution Pr½SjD�. One can

recover Pr½SjD� from the propensity scores by applying Bayes’s rule using

the marginal distributions of D and S. For example, for the first stratum in

Example 1,

Pr½S= 1jD= 1�= Pr½D= 1jS= 1� Pr½S= 1�
Pr½D= 1� = ð:182Þð:44Þ

ð:4Þ = :2.

Thus, the true propensity scores encode all of the necessary informa-

tion about the joint dependence of S and D that is needed to estimate and

then combine conditional-on-S treatment effect estimates into estimates

of the treatment effect for the treated and the treatment effect for the

untreated. Known propensity scores are thus useful for unpacking the
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inherent heterogeneity of causal effects and then averaging over such het-

erogeneity to calculate average treatment effects.

Of course, known propensity scores are almost never available to

researchers working with observational rather than experimental data.

Thus, the literature on matching more often recognizes the utility of pro-

pensity scores for addressing an entirely different concern: solving com-

parison problems created by the sparseness of data in any finite sample.

These methods rely on estimated propensity scores, as we discuss next.

Weighting With Propensity Scores to Address Sparseness

Suppose again that a perfect stratification of the data exists and is

known. In particular, Assumptions 1-S and 2-S are valid for a set of vari-

ables in S, which are measured without error. Further suppose that the true

propensity score is greater than 0 and less than 1 for every possible combi-

nation of values on the variables in S. But suppose now that (1) there are

multiple variables in S, and (2) some of these variables take on many

values. In this scenario, there may be many strata in the available data in

which no treatment or control cases are observed, even though the true

propensity score is between 0 and 1 for every stratum in the population.

Can average treatment effects be consistently estimated in this sce-

nario? Rosenbaum and Rubin (1983a) answer this question affirmatively.

The essential points of their argument are the following (and see the origi-

nal article for a formal proof). First, the sparseness that results from the

finiteness of a sample is random, conditional on the joint distribution of

S and D. As a result, within each stratum for a perfect stratification of the

data, the probability of having a zero cell in the treatment or the control

state is solely a function of the propensity score. Because such sparseness

is conditionally random, strata with identical propensity scores (i.e.,

different combinations of values for the variables in S but the same

within-stratum probability of treatment) can be combined into a more

coarse stratification. Over repeated samples from the same population,

zero cells would emerge with equal frequency across all strata within

these coarse propensity score–defined strata.

Because sparseness emerges in this predictable fashion, stratifying on

the propensity score itself (rather than more finely on all values of the vari-

ables in S) solves the sparseness problem because the propensity score can

be treated as a single perfectly stratifying variable. In fact, as we show in

the next hypothetical example, one can obtain consistent estimates of treat-

ment effects by weighting the individual-level data by an appropriately
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chosen function of the propensity score, without ever having to compute

any stratum-specific causal effect estimates.

But how does one obtain the propensity scores for data from a random

sample of the population of interest? Rosenbaum and Rubin (1983a) argue

that if one has observed the variables in S, then the propensity score can

be estimated using standard methods, such as logit modeling. That is, one

can estimate the propensity score, assuming a logistic distribution:

Pr½Di = 1jSi�= expðSiφÞ
1+ expðSiφÞ

ð17Þ

and invoke maximum likelihood to estimate the vector of coefficients φ.

One can then stratify on the index of the estimated propensity score,

eðSiÞ= Siφ̂, or appropriately weight the data, as we show in the next

example, and all of the results established for known propensity scores

then obtain.14 Consider the following hypothetical example, where

weighting is performed only with respect to the estimated propensity

score, resulting in unbiased and consistent estimates of average treatment

effects even though sparseness problems are severe.

Hypothetical Example 3

Consider the following Monte Carlo simulation, which is an expanded

version of hypothetical Example 1 in two respects. First, for this example,

there are two stratifying variables, A and B, each of which has 100 sepa-

rate values. As for Example 1, these two variables represent a perfect stra-

tification of the data and, as such, represent all of the variables in the

vector of perfect stratifying variables, defined earlier as S. Second, to

demonstrate the properties of alternative estimators, this example uses

50; 000 samples of data, each of which is a random realization of the same

set of definitions for the constructed variables and the stipulated joint dis-

tribution between them.

Generation of the 50,000 data sets. For the simulation, we gave the

variables A and B values of :01, :02, :03, and upward to 1. We then cross-

classified the two variables to form a 100-by-100 grid and stipulated a

propensity score, as displayed in Figure 1, that is a positive, nonlinear

function of both A and B.15 We then populated the resulting 20,000 con-

structed cells (100 by 100 for the A-by-B grid multiplied by the two values

of D) using a Poisson random-number generator with the relevant propen-

sity score as the Poisson parameter for the 10,000 cells for the treatment

group and one minus the propensity score as the Poisson parameter for the
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